The idea of using capillarity as a mechanism to passively control the propellant flow in microthrusters is explored. A capillary tube consisting of two different radius sections can be employed to passively 'pump' a fluid within the tube and keep a microthruster continuously supplied with propellant. A simple, one-dimensional fluid model is developed and tested using five different fluids and five different combinations of larger and smaller radius tube sections. Non-dimensional similarity parameters are derived from the theoretical fluid model, and used to transform the dimensional experimental data from a set spanning four orders of magnitude to a set falling within one order of magnitude of the one-dimensional theory. A gravitational correction, based on physical arguments, enables the theoretical model and data set to more closely agree. The resulting experimentally verified scaling laws provide the fundamental tools for designing passive capillary mass feeding systems for micropropulsion.
I. INTRODUCTION
There is presently a strong interest in developing micropropulsion systems for spacecraft. This motivation springs from two different types of applications: 1) microspacecraft, which have low power levels available and require low mass thrusters, and 2) the fine positioning of spacecraft constellations for missions such as interferometric observatories [1, 2] , where low thrust levels and fine thrust resolution are required. Many of the current thruster options currently being considered for micropropulsion use are reviewed by Mueller [3] .
Apart from the challenges associated with the development of microthrusters that are lightweight and use very low levels of power, there are challenging issues with propellant storage and handling. Gas propellant storage can carry a high tankage mass penalty and the valves currently under development to control liquid and gaseous propellants have high leak rates [4] .
An alternative to high pressure gas or volatile liquid propellants may exist. A low vapor pressure, liquid propellant flow could be passively controlled to feed a thruster by capillary action, thus eliminating the need for valves. We will show that the propellant flow rate can be controlled by tailoring the capillary tube geometry. This scheme could be used to feed propellant to a microthruster, or propellant could simply be ejected from the end of the tube by a proper expulsion scheme 1 , as illustrated in Fig. 1 .
II. MICROFLUIDICS
Currently, there is much research and development work on actuators, pumps, flow sensors and flow controllers, which make use of microfluidic flows. Many of these applications are reviewed in Shoji and Esashi [6] and Elwenspoek et al. [7] Also, there have been several fundamental studies dealing with how fluids advance in capillaries, specifically how the contact angle forms and changes as the interface (meniscus) moves [8] [9] [10] [11] [12] or how to control and model fluid flows on a small scale [13, 14] for, among other applications, integrated lab-on-a-chip devices [15, 16] . Most of the studies mentioned above rely on either active flow control (i.e. pistons, pressurized gases, pumps, temperature profiles) or gravity acting on a column of fluid to force it through a capillary or small channel. Having moving parts like pistons or valves for pressurization in a microsat is undesirable due to the added size, weight and complexity these devices entail.
Luckily, there exists a geometric prescription that will yield a net force on a fluid and cause it to move without any outside intervention. However, the microfluidics of such a scheme have not been systematically investigated.
A capillary tube possessing a different radius at each end (with the radius either changing through a continuous taper or a discontinuous step) will produce a net force acting on the fluid [17] . Just as importantly, when the fluid reaches the end of the tube, it will not leave the tube because the meniscus must turn from concave to convex for the fluid to exit, and the same force which drove the fluid to the end of the tube prevents this from happening. Finally, fluid that is ejected from the end of the capillary is replaced by the same capillary mechanism. Developing an understanding of free, passive capillary flows will allow us to develop relations which could then be used to scale and optimize microthruster performance parameters like the mass flow rate.
It is worth noting that this type of capillary flow is implicitly at play in Field Emission Electric Propulsion (FEEP) thrusters [18] . However, the mass flow rates in these devices are limited by the amount of field ionization to tiny amounts, so it has never been necessary to model or optimize the capillary flows in these devices.
The remainder of this paper will be organized as follows. In section III, a theoretical fluid model of passive capillary flows will be developed. Section IV is divided into three subsections. Section IV A contains a description of the experimental apparatus used to explore and rigorously test the theoretical model. In section IV B, the experimental results are presented. Finally, a set of scaling laws are derived and applied to the experimental data set in section IV C.
III. FLUID MODEL
In this section, we develop a simple, onedimensional model of a fluid flow in a stepped capillary tube (i.e. a tube with two constant-radius sections meeting in a discontinuous step)(see Fig. 2 ). This model will later be used to non-dimensionalize experimental data and determine similarity parameters for flows of this type.
Neglecting inertia, time variations, and gravity, the Navier-Stokes equation can be written as
where È is the pressure, is the viscosity coefficient and Ù is the fluid velocity. This equation is solved using the boundary conditions Ù´Êµ ¼ Ù´¼µ ÓÙÒ (2) where Ê is the capillary tube radius. Assuming that Ù varies only in the radial direction and È Ü is equal to a constant , the solution to Eq. (1) is the laminar, parabolic velocity profile
Schematic of the capillary tubes.
We define the average velocity as
This is the well-known Poiseuille flow solution for laminar flow in a pipe [19] . The pressure within each tube of constant radius changes linearly due to the viscosity, yielding a constant pressure gradient, , for each tube. Using Eq. (4) in the incompressible continuity equation ( Ù a constant) gives the compatibility condition
where the subscripts 1 and 2 refer to the larger and smaller radius tubes, respectively.
We introduce a closure assumption for this formulation in the form of a pressure profile. The meniscus at each end of the tube is exposed to the same outside pressure (see Fig. 3 ). At each meniscus there will be a jump discontinuity in the pressure. These discontinuities can be written in terms of the surface tension, , and wetting angle, , as
If the assumption of a fully-wetting fluid is employed (i.e. ½ ¾ ¼ ), we see that, for Ê ¾ Ê ½ , ¡È ¾ will always be greater than ¡È ½ .
Using Eqs. (5) and (6) and assuming the pressure is piecewise continuous between the menisci (see Fig. 3 ), analytic expressions for ½ and ¾ , given values of the fluid column lengths, Ä ½ and Ä ¾ , and the tube radii, Ê ½ and Ê ¾ , can be found. These are
Note from the coordinate system that Ä ½ is measured such that it is always negative, so the denominator is always positive. We can now compute theoretical values for Ù using Eq. (4). It is worth noting that the quantity Ä Õ , defined as
has a physical interpretation. It is the length of a column of fluid having radius Ê ¾ and constant pressure gradient, ¾ , such that its pressure drop is equal to the pressure drops of the fluid columns with lengths Ä ½ and Ä ¾ . In other words, ¾ Ä Õ ½ Ä ½ · ¾ Ä ¾ .
IV. CAPILLARY EXPERIMENTS
We would like to perform experiments that will allow us to verify the theoretical model developed in the previous section and develop the physical insight necessary to obtain relevant scaling relations. To do this, we have constructed stepped capillary tubes having different combinations of values of Ê ½ and Ê ¾ and measured the velocity of the meniscus as it propagates into the smaller radius tube.
A. Experimental Apparatus
The experimental apparatus shown in Figs The meniscus position was recorded onto videotape using a camera and VCR. We will present data which will give the velocity, Ù ¾ , as a function of meniscus position, Ä ¾ . It is obvious that at any particular instant in time, Ù along the length of a constant-area tube will be constant since these fluids are incompressible. To determine Ù ¾ , several meniscus positions centered around a given position, Ä ¾ , were recorded and a standard central difference was employed, yielding a measure of ¡Ü ¡Ø Ù ¾ . The measure of ¡Ø was taken as the inverse of the framing rate of a standard VCR, which is equal to 29.97 Hz [20] . Five different capillary tube radius combinations were tested. These combinations are listed in Table  I . In addition to varying the radii, five different fluids were tested. These were methanol, propanol-2 (iso-propyl alcohol), dibutyl phthalate, mechanical pump oil and diffusion pump oil. The last two fluids were chosen for their low vapor pressure, which underlines their suitability for operation in vacuum. The density ( ), surface tension ( ), viscosity ( ) and vapor pressure (È Ú ) of each fluid are listed in Table  II . All properties for methanol and propanol were taken from Ref. [21] . The properties for dibutylphthalate, mechanical pump oil and diffusion pump oil, with the exception or , were taken from manufacturer data (Ref. [22] for dibutyl-phthalate, Ref. [23] for mechanical and diffusion pump oil).
The surface tensions and static wetting angles of dibutyl phthalate, mechanical pump oil and diffusion pump oil were measured by placing different tubes into a pool of the given liquid and recording the capillary-induced height rise, ¡ , and the wetting angle. The surface tension can be calculated as [24] ¡ Ö ¾ Ó × (9) Using this relation and a measured wetting angle of ¼ Ó , we obtained values for the surface tensions of dibutyl phthalate and diffusion pump oil which, within the data scatter, match the manufacturer's specifications of 34 and 33.9 mN/m, respectively. While the wetting angle will actually change as the fluid advances, these three fluids (dibutyl phthalate, mechanical pump oil and diffusion pump oil) are very viscous and will most likely advance slowly. In light of this, it seems reasonable to assume the contact angle during motion will not, for the most part, vary much from the static contact angle. The values of in Table II have been calculated assuming that the contact angle is zero (fully wetting). Note that this assumption can be justified by an inspection of the equation for the measured surface tension, Eq. (9), and the pressure drop across a meniscus, Eqs. (6) . If the contact angle in each equation is essentially the same, the contact angles ( Ó× terms) cancel.
B. Experimental Results
The measured meniscus velocity as a function of meniscus position is presented in Figs. 6A and B. The data in Fig. 6A are for a large radius, Ê ½ , of 1.35 mm, while the data in Fig. 6B are for Ê ½ ½ ¼ mm.
Several general trends are evident from these plots. The first is that the data spans more than 3 orders of magnitude in Ù ¾ . The second is that the meniscus moves more swiftly when Ê ¾ is smaller. Also, the velocity appears to exhibit a functional dependence with Ä ¾ which becomes steeper as Ê ¾ increases. 
C. Fundamental Scaling Laws
Our goal now is to attempt to collapse these data onto a plot as a single, non-dimensional line. At this point, we introduce two dimensionless parameters relevant in the study of slow capillary flows. The Capillary number, Ca, and the Bond number, Bo, are defined as (10) where is the tube diameter and is the fluid density.
Returning to the theoretical model for insight, we write out the meniscus front velocity explicitly by inserting Eq. (7) into Eq. (4) to obtain
This expression can be rearranged into the nondimensional form
where ´½ Ê ¾ Ê ½ µ and ¾ ¾Ê ¾ . From this equation, we can define two new similarity parameters,
We refer to these as the free capillary flow parameter, ¥ and free capillary length, . We note that ¥ is a combination of fluid properties (through Ca) and geometric properties (through ), while contains the remaining geometric parameters.
The function in Eq. (12) is plotted as a solid line in Fig. 7 for a stepped capillary tube having a constant volume of fluid. In addition, we have taken all the velocity and position data found in Figs. 6A and B, converted them to the dimensionless parameters specified in Eqs. (13) , and replotted these data in Fig.  7 . We note here that the values of Ä ¾ and Ä Õ are quite similar due to the scaling of Ä ½ by the factoŕ Ê ¾ Ê ½ µ in Eq. (8), which is a small number. Figure 7 shows that the data has generally collapsed to within one order of magnitude in the ordinate with the introduction of the non-dimensional parameters, ¥ and . Moreover, we notice a trend in this plot. For smaller leading menisci Bond numbers, Bo ¾ , the agreement with the theoretical model is good, while for larger values of Bo ¾ the agreement deteriorates. This can be understood in part through visual observations of the meniscus shape as a function of tube diameter. As the tube diameter increases (see Fig.  8 ), the meniscus deforms under the action of gravity. This deformation effectively increases the radius of curvature of the meniscus. Increasing the radius of curvature changes the pressure jumps at the leading and trailing menisci and results in an altered pressure profile within the fluid (see Eqs. (6)). This will cause the scaling parameter, ¥, to deviate from its theoretical value through the deviation of the measured velocity, Ù ¾ , relative to the theory. Taking account of this effect requires extending the theory to 2-D at the price of significant analytical complexity. Instead, we choose to find a correction to the 1-D theory that phenomenologically takes into account the complexity.
Gravitational correction:
In an attempt to deal with this Bond number scaling, we seek a simple, first-order scaling relation that will effectively account for this increase in radius of curvature and yield a small correction. It is convenient to define a reference condition, where the gravitational effect is small. We define our reference as the case where methanol is flowing in a capillary tube having a radius of 0.3 mm. Since Bond number is a function of the radius squared (see Eqs. (10)), we expect that the effective radius of curvature, Ê , will scale as Bo ½ ¾ . Denoting the reference condition as Bo £ , we write
where Ê is the tube's radius. This new scaling is used to modify one of the radius terms in Eq. (12) . Multiplying the leading radius term in 
where the subscript 2 denotes a quantity taken at the leading meniscus.
The data found in Fig. 7 has been adjusted by multiplying the experimental values of ¥ bý Bo ¾ Bo £ µ ½ ¾ , thus removing, to first order, the effect of gravity from the data. These data are replotted in Fig. 9 . We see that our prescription to remove gravity from the data causes it to become more closely aligned, in general, with the 1-D, gravity-free theoretical fluid model (Eq. (12)), plotted as a line in Fig. 9 .
V. CONCLUSIONS
A one-dimensional fluid model of passive fluid flow in a capillary tube was developed. From the model, two non-dimensional similarity parameters, accounting for different fluid types and geometric combinations, were derived. The model was then tested using various fluids and several combinations of larger and smaller diameter capillary tubes. Applying the non-dimensional scaling to the dimensional data caused a collapse of the data from four orders of magnitude to within an order of magnitude of the one-dimensional model for almost every combination of tube radii. An additional, first-order gravitational correction allowed the data to be further collapsed by removing, to first-order, the effect of gravity. These data match, relatively well, the onedimensional fluid model. This agreement strongly suggests the importance of the derived similarity parameters.
The attained physical insight provides us with the fundamental scaling laws to design a passive capillary feeding system for micropropulsion applications.
